On Conic Fourier Multipliers by Córdoba, Antonio & Rogers, Keith M.
ar
X
iv
:1
30
4.
13
24
v3
  [
ma
th.
CA
]  
5 J
un
 20
13
WEIGHTED ESTIMATES FOR CONIC
FOURIER MULTIPLIERS
ANTONIO CO´RDOBA AND KEITH M. ROGERS
Abstract. We prove a weighted inequality which controls conic Fourier
multiplier operators in terms of lacunary directional maximal operators.
By bounding the maximal operators, this enables us to conclude that
the multiplier operators are bounded on Lp(R3) with 1 < p < ∞.
1. Introduction
For directions ω ∈ Ω contained in the unit circle S1 ⊂ R2 we form the
associated polygon PΩ, with sides contained in ω + ω⊥ (see Figure 1). We
consider the associated cones
ΓΩ =
{
ξ ∈ R3 : (ξ1, ξ2)|ξ3| ∈ PΩ
}
and the Fourier multiplier operators TΩ defined, initially on Schwartz func-
tions, by
TΩ : f 7→
(
χΓΩ f̂
)∨
.
Here, ̂ and ∨ denote the Fourier transform and inverse transform, respec-
tively. The purpose of this note is to provide a condition on the directions Ω
which ensures TΩ is bounded from L
p(R3) to Lp(R3), where 1 < p < ∞.
The question is only interesting when p 6= 2, as when p = 2 the operator is
bounded by Plancherel’s theorem, and no restrictions on the directions are
necessary. As shown by Fefferman [16], one cannot take all the directions of
the circle, converting the polygon in a disc, when p 6= 2, however one can
consider the cone associated to the disc if the multiplier is smoothed out
appropriately (see [18] and the references therein).
We will control TΩ, via a weighted inequality, by a combination of direc-
tional maximal operators (see the forthcoming Theorem 3.3). This point of
view has its origins in a conjecture of the first author [11] for the Bochner–
Riesz multiplier (see also [24, 12, 6, 8, 9, 17] for progress on this conjecture
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Figure 1. The polygon PΩ and part of the cone ΓΩ associ-
ated to a set Ω of lacunary directions.
and [14, 7, 4, 5, 3] for closely related problems). When the directions are
lacunary of finite order (loosely speaking, a lacunary set of order K is a
lacunary sequence which has lacunary sets of order K − 1 accumulating at
each direction; see Definition 3.1) we are able to bound the relevant maximal
operators, which yields the following theorem.
Theorem 1.1. Let 1 < p <∞ and suppose that Ω ⊂ S1 is lacunary of finite
order. Then TΩ is bounded from L
p(R3) to Lp(R3).
The proof of this can be found in the final section. In the following sec-
tion, we will recall a weighted inequality for singular integrals, and prove a
weighted, angular Littlewood–Paley inequality. That angular square func-
tions are bounded in Lp is well-known (see [14, 19] for lacunary directions
and [22] for lacunary directions of finite order), however we will require a
weighted version in order to control TΩ in terms of maximal operators.
2. An angular Littlewood–Paley inequality
Theorem 1.1 will be proved by a number of applications of the following
one–dimensional result for singular integrals. There are multidimensional
versions of some of the results in this section, however we focus only on
what we will need. Fundamental to our approach is the Hardy–Littlewood
maximal operator M defined by
Mf(x) = sup
r>0
1
2r
∫ r
−r
|f(x− t)| dt.
This, and thus the composition Mk ≡ M ◦ . . . ◦ M , is well-known to be
bounded from Lp(R) to Lp(R) with p > 1 (see for example the first theorem
in [23]). The following lemma was proven withM3w replaced by (M |w|q)1/q,
with q > 1, in [10, 13] which was then precised in [25, 21]. This is sharp in
the sense that the inequality does not necessarily hold if M3w is replaced
by M2w.
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Lemma 2.1. Let T denote the singular integral operator defined by
T f(x) = p.v.
∫
K(x − y)f(y) dy,
where K ∈ C1(R\{0}) is such that K(x) 6 c0|x|−1 and | ddxK(x)| 6 c0|x|−2.
Then ∫
|T f |2w 6 C
∫
|f |2M3w,
where the constant C depends only on c0.
Ordering S1 in a clockwise sense, for each direction ω ∈ Ω we write ωprev for
the previous direction of Ω and write ωprev < ω. Considering the regions Aω
defined by
Aω =
{
ξ ∈ R3 : ωprev < (ξ1, ξ2)|(ξ1, ξ2)| 6 ω
}
,
we form the associated Fourier multiplier operators Sω defined by
Sωf =
(
χAω f̂
)∨
.
In the following lemma, we control the square function associated to these
Fourier multipliers by two–dimensional directional maximal operators, for
which we will need to recall some definitions.
The maximal operator Mω is defined, initially on Schwartz functions, by
Mωf(x) = sup
r>0
1
2r
∫ r
−r
|f(x− tω)| dt.
This is bounded from Lp(R3) to Lp(R3), where p > 1, by an application of
Fubini’s theorem and the Hardy–Littlewood maximal theorem on the copy
of the real line span(ω). For a set of directions Ω ⊂ S1 ⊂ R2 we consider
the directional maximal operator MΩ defined by
MΩ : f 7→ sup
ω∈Ω
Mωf.
We consider sequences {θi}i∈Z that satisfy 0 < θi+1 < λθi with lacunary
constant 0 < λ < 1. We say that a set of directions Ω ⊂ S1 is lacunary
(of order one) if there exists a lacunary sequence {θi}i∈Z so that there is at
most one direction in each of the sets
Ωi =
{
ω ∈ Ω : θi+1 <
∣∣∣ω2
ω1
∣∣∣ 6 θi }.
We are also obliged to consider the perpendicular directions
Ω⊥ :=
{
ω × e3 ∈ S1 : ω ∈ Ω
}
,
and the associated maximal operator MΩ⊥ . Of course, by rotational sym-
metry, MΩ⊥ is bounded if and only if MΩ is bounded.
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Lemma 2.2. Let Ω ⊂ S1 be lacunary. Then∫
R3
∑
ω∈Ω
|Sωf |2w 6 C
∫
R3
|f |2M3e2M3e1M3Ω⊥M3e2M3e1w,
where C depends only on the lacunary constant λ. Moreover,∫
R3
|f |2w 6 C
∫
R3
∑
ω∈Ω
|Sωf |2M3e2M3e1M3Ω⊥M3e2M3e1w.
Proof. Let φ = φo∗φo be a Schwartz function, supported on [−λ−1/8,−λ1/8]∪
[λ1/8, λ−1/8], such that
(1)
∑
i∈Z
φ2(λi/8ξ) = 1, ξ ∈ R\{0},
where λ is the constant of lacunarity of the directions Ω. Consider the
Fourier projection operators Pij onto dyadic rectangles defined by
P̂ijf(ξ) = φ(λ
i/8ξ1)φ(λ
j/8ξ2)f̂(ξ).
First we will prove that there is a constant C, depending only on λ, such
that ∫
R3
∑
i,j∈Z
|Pijf |2w 6 C
∫
R3
|f |2M3e2M3e1w(2)
∫
R3
|f |2w 6 C
∫
R3
∑
i,j∈Z
|Pijf |2M3e2M3e1w.
This will follow by factorising into compositions of one–dimensional oper-
ators Pij = P
2
j P
1
i , in the obvious way, and applying Lemma 2.1. These
inequalities are well-known; see for example [5]. We prove them directly
using Lemma 2.1 for the convenience of the reader.
Indeed, for all t ∈ [0, 1], we first apply Lemma 2.1 to the operators
f 7→
∑
i∈Z
ri(t)P
1
i f,
where ri(t) = r0(2
it) and r0 is the Rademacher function, equal to one on
[k, k + 1/2) and minus one on [k − 1/2, k) for all k ∈ Z. To see that the
decay conditions of the lemma are satisfied, uniformly in t ∈ [0, 1], we note
that the associated kernel K satisfies
K(x) =
∑
i∈Z
ri(t)λ
−i/8φ∨(λ−i/8x) ≈
∑
i68 log
λ−1 |x|−1
ri(t)λ
−i/8φ∨(λ−i/8x),
which follows by using the rapid decay of the Schwartz function φ∨. We
obtain that ∫
R3
∣∣∣∑
i∈Z
ri(t)P
1
i g
∣∣∣2w 6 C∫
R3
|g|2M3e1w,
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where the constant is independent of t ∈ [0, 1]. By taking g =∑j rj(s)P 2j f ,
in particular this implies that∫
R3
∣∣∣ ∑
i,j∈Z
ri(t)rj(s)Pijf
∣∣∣2w 6 C∫
R3
∣∣∣∑
j∈Z
rj(s)P
2
j f
∣∣∣2M3e1w,
where the constant C is independent of both t ∈ [0, 1] and s ∈ [0, 1]. Apply-
ing Lemma 2.1 again, this time in the x2 variable, yields∫
R3
∣∣∣ ∑
i,j∈Z
ri(t)rj(s)Pijf
∣∣∣2w 6 C∫
R3
|f |2M3e2M3e1w.(3)
Integrating over [0, 1]× [0, 1] with respect to (t, s) yields the first inequality
of (2) by the orthogonality of the Rademacher functions.
To see the reverse inequality, we take f =
∑
k,ℓ rk(t)rℓ(s)Pkℓg and note that∑
i,j∈Z
ri(t)rj(s)Pij
[ ∑
k,ℓ∈Z
rk(t)rℓ(s)Pkℓg
]
=
∑
i,j∈Z
r2i (t)r
2
j (s)PijPijg +
∑
i,j,k,ℓ∈Z:i 6=k,j 6=ℓ
ri(t)rj(s)rk(t)rℓ(s)PijPkℓg
= g +
∑
i,j,k,ℓ∈Z:i 6=k,j 6=ℓ
ri(t)rj(s)rk(t)rℓ(s)PijPkℓg,
using (1) and that r2i r
2
j ≡ 1. Substituting into (3) and integrating over
[0, 1] × [0, 1], we obtain∫
R3
(
|g|2 +
∑
i,j∈Z:i 6=j
|PijPjig|2
)
w 6 C
∫
R3
∑
k,ℓ∈Z
|Pkℓg|2M3e2M3e1w.
by the orthogonality of the Rademacher functions as before. Note that
unless j = i ± 1, the sumands in the first sum are identically zero, but in
any case they are positive and so this implies the second inequality of (2),
for positive weights w. Then the inequality for positive weights implies the
inequality for general weights.
Now our desired angular inequalities will follow by combining these more tra-
ditional Littlewood–Paley inequalities with a further application of Lemma 2.1
to the operator Hω defined by
Ĥωf(ξ) = χω·ξ60f̂(ξ).
Note that Hω =
1
2 (Id +
1
iHω), where Hω denotes the directional Hilbert
transform defined by
Hωf(x) = 1
pi
p.v.
∫
f(x− ωt) dt
t
.
In the copy of the real line span(ω), this clearly satisfies the conditions of
the lemma.
6 ANTONIO CO´RDOBA AND KEITH M. ROGERS
✪
✪
✪
✪
✪
✪
✪
✪
✪
✪
✪
✪
✪
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✆
✥✥✥
✥✥✥
✥✥✥
✥✥✥
✥
Figure 2. Segments with lacunary constant 1/2 intersecting
rectangles with lacunary constant 1/
√
2.
By enumerating the directions ω of Ω and writing rω for the associated
Rademacher function we apply the inequalities of (2);∫
R3
∣∣∣∑
ω∈Ω
rω(t)Sωf
∣∣∣2w 6 C∫
R3
∑
i,j∈Z
∣∣∣ ∑
ω:PijSω 6=0
rω(t)SωPijf
∣∣∣2M3e2M3e1w
6 C
∑
i,j∈Z
∫
R3
|SωPijf |2M3e2M3e1w(4)
6 C
∫
R3
∑
i,j∈Z
|Pijf |2M3Ω⊥M3e2M3e1w
6 C
∫
R3
|f |2M3e2M3e1M3Ω⊥M3e2M3e1w,
uniformly in t ∈ [0, 1]. Here, the second inequality is due to the fact that
there are at most two directions ω which satisfy PijSω 6= 0 for a given i
and j (see Figure 2). The third inequality is by Lemma 2.1 in the directions
±ω×e3 or ±ωprev×e3 as SωPij is equal to either H±ω×e3Pij or H±ωprev×e3Pij
(if it is not simply Pij). Integrating over [0, 1] with respect to t yields the
first of our desired inequalities.
To see the reverse inequality, we take f =
∑
ω′ rω′(t)Sω′g as before, so that∑
ω∈Ω
rω(t)Sω
∑
ω′∈Ω
rω′(t)Sω′g =
∑
ω∈Ω
r2ω(t)Sωg = g,
as r2ω ≡ 1. Substituting into (4) we see that∫
R3
|g|2w 6 C
∫
R3
∣∣∣ ∑
ω′∈Ω
rω′(t)Sω′g
∣∣∣2M3e2M3e1M3Ω⊥M3e2M3e1w,
and so by integrating over [0, 1] with respect to t, we obtain the second
inequality. 
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3. Proof of Theorem 1.1
First of all, we give a precise version of the definition of finite order lacunary
sets as mentioned in the introduction.
Definition 3.1. If Ω consists of a single direction we say that it is lacunary
of order zero. We then say that Ω ⊂ S1 ⊂ R2 is lacunary of order K if there
is a choice of basis {e1, e2} and lacunary sequence {θi}i∈Z such that the sets
Ωi =
{
ω ∈ Ω : θi+1 <
∣∣∣ω2
ω1
∣∣∣ 6 θi }.
are lacunary of order 6 K−1 for all i ∈ Z, with uniformly bounded lacunary
constants.
Sjo¨gren and Sjo¨lin [22] proved that MΩ is bounded from L
p(R2) to Lp(R2),
where p > 1, if Ω is lacunary of finite order (see also [15, 19] for precedents
and [2] for an equivalence).
Lemma 3.2. If Ω ⊂ S1 ⊂ R2 is lacunary of finite order and
Ω3d :=
{
1√
2
(ω ± e3) : ω ∈ Ω
}
,
then MΩ3d is bounded from L
p(R3) to Lp(R3) with p > 1.
Proof. We employ the localisation principle due to Parcet and the second
author [20]. For directions Ω ⊂ S2 ⊂ R3 and a lacunary sequence {θi}i∈Z
we define segments Ωℓi by
Ωℓi =
{
ω ∈ Ω : θi+1 <
∣∣∣ωk
ωj
∣∣∣ 6 θi }, j < k,
where eℓ = ej × ek or −ej × ek. Then
(5) ‖MΩ‖p→p 6 C sup
ℓ=1,2,3
sup
i∈Z
‖MΩℓi‖p→p,
where C depends only on p > 1 and the lacunary constant (see also [1] for
a two-dimensional version). With this we can separate the directions of Ω3d
into isolated directions. The main difficulty is to choose the basis correctly
between each application so that the lacunarity of Ω3d is ‘visible’ in each
direction.
Initially we change the basis vector e3 by e3 → 1√2 (ω0 ± e3), where ω0 ∈
Ω ⊂ S1 is one of the accumulation points of highest order, and take e1 so
that e3 + e1 is tangent to the circle which contains Ω
3d. This also fixes the
final basis vector e2, chosen so that e3 = e1 × e2. Now, if Ω is lacunary
of order K with lacunary constant λ, we can take θi = λ
i/2 for all i ∈ Z.
Then the directions of Ω which correspond to the directions of the resulting
segments of the localisation principle are lacunary of order 6 K−1 (at least
after eight applications of (5)), with lacunary constants uniformly bounded
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by λ. Thus, after a finite number of applications of (5), each time changing
the basis as before to include one of the accumulation points of highest
order, we separate the directions into isolated directions, and so MΩ3d is
bounded. 
Now as TΩ is self-adjoint, the boundedness in L
p follows from the bound-
edness in Lp
′
, where 1p +
1
p′ = 1. To see that TΩ is bounded in L
p with
2 < p < ∞, by Ho¨lder’s inequality and the following weighted inequality it
suffices to bound the maximal operators from L(p/2)
′
to L(p/2)
′
. Thus, The-
orem 1.1 is obtained by combining the following theorem with the previous
lemma and the boundedness of MΩ∪Ω⊥ due to Sjo¨gren–Sjo¨lin [22].
Theorem 3.3. Let Ω ⊂ S1 be lacunary of order K. Then∫
R3
|TΩf |2w 6 C
∫
R3
|f |2M15KΩ∪Ω⊥M6Ω3dM15KΩ∪Ω⊥w,
where C depends only on the lacunary constant λ and the lacunary order K.
Proof. Noting that MΩ = MΩ we see that the maximal operators Me1 and
Me2 , with e1 = ω0 and e2 = ω
⊥
0 , where ω0 is an accumulation point, are
dominated by MΩ∩Ω⊥ . Thus, by K applications of the second inequality of
Lemma 2.2, we see that∫
R3
|TΩf |2w 6 C
∫
R3
∑
ω∈Ω
|SωTΩf |2M15KΩ∪Ω⊥w.
Now we can write
SωTΩf = H 1√
2
(ω−e3)H 1√
2
(ωprev−e3)Sωf +H 1√
2
(ω+e3)
H 1√
2
(ωprev+e3)
Sωf,
so that, by two more applications of Lemma 2.1 in one of these four direc-
tions, we see that∫
R3
|TΩf |2w 6 C
∑
ω∈Ω
∫
R3
|Sωf |2M6Ω3dM15KΩ∪Ω⊥w
6 C
∫
R3
|f |2M15KΩ∪Ω⊥M6Ω3dM15KΩ∪Ω⊥w,
where the second inequality is by K applications of the first inequality of
Lemma 2.2. This completes the proof. 
Remark 3.4. If we consider the two–dimensional multiplier operator RΩ
associated to a polygon PΩ, defined by
RΩ : f 7→
(
χPΩ f̂
)∨
,
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where Ω ⊂ S1 is lacunary of order K, the above argument also yields the
weighted inequality∫
R2
|RΩf |2w 6 C
∫
R2
|f |2M30K+6
Ω∪Ω⊥ w,
where the constant C depends only on the lacunary constant λ and the
lacunary order K.
Remark 3.5. In higher dimensions, we are able to consider polytopes associ-
ated to lacunary directions with an exact product structure. That is to say
that the orthogonal projections of the directions onto the two–dimensional
subspaces, formed by the span of two basis vectors, are lacunary. For exam-
ple, if we consider the n–dimensional multiplier operator
RΩ : f 7→
(
χPΩ f̂
)∨
,
where Ω ⊂ Sn−1 consists of normalised versions of the directions
{(2k1 , . . . , 2kn)}k1,...,kn∈Z,
the above argument also yields the weighted inequality∫
Rn
|RΩf |2w 6 C
∫
Rn
|f |2M30(n−1)+3·2n−1Ω w,
where the constant C depends only on the dimension. For this we first use
n−1 applications of the second inequality of Lemma 2.2 (with R3 replaced by
R
n and the lacunary sectors, divided by powers of 2, taken in span(ej , ej+1)
with j = 1, . . . , n−1). Note that in this case the maximal operators Mej are
bounded by MΩ. This separates the multiplier in such a way that we are left
to deal with the composition of 2n−1 multiplier operators of the type that
can be dealt with by Lemma 2.1 applied in one of the directions of Ω. We
then recompose the operator with n−1 applications of the second inequality
of Lemma 2.2. This maximal operator was bounded by Carbery [7], and so
the multiplier associated to these polytopes with infinite faces are bounded
on Lp(Rn) with 1 < p <∞.
The authors thank Jon Bennett for bringing [21] and [25] to their attention,
and Michael Bateman and Jon Bennett for independently pointing out a
minor error.
References
[1] A. Alfonseca, Strong type inequalities and an almost-orthogonality principle for fam-
ilies of maximal operators along directions in R2, J. London Math. Soc. 67 (2003),
no. 1, 208–218.
[2] M. Bateman, Kakeya sets and directional maximal operators in the plane, Duke Math.
J. 147 (2009), no. 1, 55–77.
10 ANTONIO CO´RDOBA AND KEITH M. ROGERS
[3] J. Bennett, Optimal control of singular Fourier multipliers by maximal operators,
preprint.
[4] J. Bennett, A. Carbery, F. Soria and A. Vargas, A Stein conjecture for the circle,
Math. Ann. 336 (2006), no. 3, 671–695.
[5] J. Bennett and S. Harrison, Weighted norm inequalities for oscillatory integrals with
finite type phases on the line, Adv. Math. 229 (2012), no. 4, 2159–2183.
[6] A. Carbery, A weighted inequality for the maximal Bochner-Riesz operator on R2,
Trans. Amer. Math. Soc., 287 (1985), no. 2, 673–680.
[7] A. Carbery, Differentiation in lacunary directions and an extension of the
Marcinkiewicz multiplier theorem, Ann. Inst. Fourier. 38 (1988), 157–169.
[8] A. Carbery and A. Seeger, Weighted inequalities for Bochner-Riesz means in the
plane, Q. J. Math. 51 (2000), no. 2, 155–167.
[9] M. Christ, On almost everywhere convergence of Bochner-Riesz means in higher
dimensions, Proc. Amer. Math. Soc. 95 (1985), 16–20.
[10] R.R. Coifman and C. Fefferman, Weighted norm inequalities for maximal functions
and singular integrals, Studia Math. 51 (1974), 241–250.
[11] A. Co´rdoba, The Kakeya maximal function and the spherical summation multipliers,
Amer. J. Math. 99 (1977), 1–22.
[12] A. Co´rdoba, An integral inequality for the disc multiplier, Proc. Amer. Math. Soc.
92 (1984), no. 3, 407–408.
[13] A. Cordoba and C. Fefferman, A weighted norm inequality for singular integrals,
Studia Math. 57 (1976), no. 1, 97–101.
[14] A. Co´rdoba and R. Fefferman, On the equivalence between the boundedness of certain
classes of maximal and multiplier operators in Fourier analysis, Proc. Nat. Acad. Sci.
U.S.A. 74 (1977), no. 2, 423–425.
[15] A. Co´rdoba and R. Fefferman, On differentiation of integrals, Proc. Nat. Acad. Sci.
U.S.A. 74 (1977), no. 6, 2211–2213.
[16] C. Fefferman, The multiplier problem for the ball, Ann. of Math. (2) 94 (1971),
330–336.
[17] S. Lee, K.M. Rogers and A. Seeger, Improved bounds for Stein’s square functions,
Proc. London Math. Soc. 104 (2012), no. 6, 1198–1234.
[18] S. Lee and A. Vargas, On the cone multiplier in R3, J. Funct. Anal. 263 (2012), no. 4,
925–940.
[19] A. Nagel, E.M. Stein and S. Wainger, Differentiation in lacunary directions, Proc.
Nat. Acad. Sci. U.S.A. 75 (1978), no. 3, 1060–1062.
[20] J. Parcet and K.M. Rogers, Differentiation of integrals in higher dimensions, Proc.
Nat. Acad. Sci. U.S.A. 110 (2013), no. 13, 4941–4944.
[21] C. Pe´rez, Weighted norm inequalities for singular integral operators, J. London Math.
Soc. (2) 49 (1994), no. 2, 296–308.
[22] P. Sjo¨gren and P. Sjo¨lin, Littlewood–Paley decompositions and Fourier multipliers
with singularities on certain sets, Ann. Inst. Fourier 31 (1981), 157–175.
[23] E.M. Stein, Singular Integrals and differentiability properties of functions, Princeton
University Press, Princeton, New Jersey, 1970.
[24] E.M. Stein, Some problems in harmonic analysis, in Harmonic analysis in Euclidean
spaces (Proc. Sympos. Pure Math., Williams Coll., Williamstown, Mass., 1978), Part
1, 3–20, Amer. Math. Soc., Providence, R.I.
[25] J.M. Wilson, Weighted norm inequalities for the continuous square functions, Trans.
Amer. Math. Soc. 314 (1989) 661–692.
ON CONIC FOURIER MULTIPLIERS 11
Departamento de Matema´ticas – Universidad Auto´noma de Madrid, 28049 Madrid,
Spain
E-mail address: antonio.cordoba@uam.es
Instituto de Ciencias Matema´ticas CSIC-UAM-UC3M-UCM, 28049 Madrid, Spain
E-mail address: keith.rogers@icmat.es
